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Numerical Solut ion of Fredholm 

I n t e g r a l  Equation of t n e  F i r s t  Kind 

1.1  A.  T a l  

1. In t roduc t ion  

T h i s  r e p o r t  concerns t h e  numerical  s o l u t i o n  of Fredholm 

i n t e g r a l  equat ions  of the f i rs t  kind.  

(1.1) A x ( s )  = K ( x , t )  x ( t )  d t  = y ( s )  

where K ( s , t )  = K ( t , s )  is a real and continuous func t ion  

1 

0 

i n  0 5 s ,  t < 1. - 

It is w e l l  known (see e . g .  [l! p. ,135) t h a t  (1.1' possesses  

2 a s o l u t i o n  i n  L ( o , l )  on ly  f o r  t h o s e  f u m  t i o n s  Y on t he  rigkitharid 
- - L s i d e  f o r  which t h e  series \ ' . [  ( y , ~ . . )  / Xi! converges: h e r e  
L - r l  1 0 

{ A .  , c p ,  3 is t h e  eigensystem of Arp = AT. On t h e  o t h e r  I-iand, i n  
1 1  

many a p p l i c a t i o n s  t h e  func t ion  y on the rigli thand s ide i s  u s n a l l y  

only  known a t  f i n i t e l y  many po in t s .  Accordingly,  i n  Eec. 2 w e  

i n t roduce  a moment t ype  d i s c r e t i z a t i o n  of (1.1) which possesses  

an i n f i n i t y  of s o l u t i o n s .  Af t e r  s e l e c t i n g  a "minimal s o l u t i o n "  

of t h i s  system w e  es tabl ish a r e l a t i o n s h i p  be tween t h i s  f l inct ioi ,  

and the s o l u t i o n  of (1.1) - i f  t h e  l a t t e r  e x i s t s .  
/I 

/ 

A f u r t h e r  problem connected,.&th t h e  equat ion  (1.1) i s  t ,e 

noncontinuous dependence of the  s o l u t i o n  on t h e  right-hand s i d e  - 

T h i s  work w a s  supported i n  p a r t  under XASP, G r a n t  : i s G - 3 9 8 .  
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Indeed,  a d d i t i o n  of a h i g h l y  o s c i l l a t o r y  bounded func t ion  - e . g .  

s i n ( n t ) - t o  x ( t )  w i l l  not  apprec i ab le  a f f e c t  t h e  r igh thand s i d e  f o r  

n l a r g e  enough s i n c e  1 K ( s , t ) s i n ( n t ) d t  -+ o as n + 03. The numeri- 

c a l  m a n i f e s t a t i o n  of t h i s  i n s t a b i l i t y  have been descr ibed  repea ted ly  

0 
1 r 

J 
0 

( [ 2 1 ,  [ 3 1 ,  r-41). A s  a consequ?nce, when a f i n i t e - d i f f e r e n c e  dis- 

c r e t i z a t i o n  of t h e  type 

(1.2) hy w . K ( s  , t . )  x (ti) d t  = ~ ( s . )  
~~1 j 1 7 

i s  a p p l i e d  t o  (1.1) , t h e  approximate s o l u t i o n s  of (1. L j  become 

o s c i l l a t o r y  when t h e  mesh s i z e  of t h e  subdiv is ion  tend t o  zero.  

This  i s  due t o  t h e  near  s i n g u l a r i t y  of t h e  system ( 1 . 2 )  whi::l .:I 

t u r n  fo l lows  from t h e  c o n t i n u i t y  of K ( s , t ) .  

I n  o rde r  t o  e l i m i n a t e  these  o s c i l l a t i o n s ,  va r ious  smoothing 

procedures  have been proposed ([  2l, [ 3 1 ,  [ 41) . Smoothing i s  e s s e n t i -  
0 

a l l y  e q u i v a l e n t  with t h e  e l imina t ion  of those  components of t h e  

s o l u t i o n  which belong t o  t h e  smaller  e igenvalues  an:;? correspond- 

i n g  eigenfunct ions.  Accordingly, it i s  d e s i r a b l e  t o  e s t i m a t e  

t h e  c loseness  of approximation a s  a func t ion  of t h e  e ignevalues .  

I n  sec, 4 w e  show t h a t  t h e  method of s t e e p e s t  descent  does gene- 

r a t e  a smooth sequ3nce of approximations which admits an e s t ima te  

of t h i s  k ind .  

F i n a l l y  w e  demonstrate on a number of examples t h e  numerical 

procedures  involved. 

2.  The Minimal So lu t ion  

I n  t h i s  s e c t i o n  w e  u t i l i z e  t h e  method of 'Op Lima1 approxinzt ion 0 
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[ 51 i n  d e a l i n g  with a d i s c r e t i z e d  ve r s ion  of (1.1). 

I n  many a p p l i c a t i o n s  t h e  r ighthand s i d e  y ( s )  of (1.1) 

i s  on ly  known a t  f i n i t e l y  many p o i n t s  s . c [ o , l l  r 2 t h e r  than 

a s  a func t ion  def ined  a t  each p o i n t  of t h e  i n t e r v a l .  AccorZI- 

i n g l y ,  i n s t e a d  of equat ion  (1.1) w e  cons ider  t h e  problem of 

s o l v i n g  t h e  sst of l i n e a r  r e l a t i o n s  

1 

J K(s , t )  x (t) d t  = y ( s . )  
i 1 

0 

o r  

f o r  s h o r t .  

For t h e  sake of s i m p l i c i t y  l e t  us assume t h a t  s - s  r= 
i-i-1 i 

c o n s t ,  i = O n . . . *  N-1.  W e  can a l s o  assume t h a t  t h e  N func t ions  

K = K (  si, t) are  l i n e a r l y  independent i. e. , t h a t  they span 

an N-dimensional l i n e a r  subspace K of  L (0~1). I n  t h i s  sub- 

i 
2 

n 

space ( 2 . 1 )  ha s  a unique so lu t ion .  

7 7  I I \  ( 2 . t j  x * ( t j  = cy E; {ij +...;- LY \ L I .  1 1  n n  

I n  f a c t ,  s u b s t i t u t i o n  of ( 2 . 2 )  i n t o  ( 2 . 1 )  y i e l d s  f o r  t h e  ( c y i )  

t h e  equa t ions  
<-- 

The ma t r ix  of t h i s  system i s  the Gramian ((K 8 K.) ) which i s  

nons ingular  due t o  t h e  independence of t h e  K . 
1 3  

i 
L 

Any func t ion  x*+x w i t h  x E K is  a s o l u t i o n  of ( 2 . 1 )  , 2 2 n 

and convers ly ,  any s o l u t i o n  ~ ( t )  of ( 2 . 1 )  can be uniquely 
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1 r e p r e s e n t e d  i n  t h e  form x = x f x  where x K and s E K . 
1 2  1 n  2 n 

Ev iden t ly ,  x = x* and s i n c e  (x*, x2)  = 0 it fol lows t h a t  1 

(2 .4 )  IIx*lI I 
f o r  any s o l u t i o n  x of ( 2 . 1 ) .  

I n  summary, w e  assumed t h a t  t h e  phys ica l  system s a t i s f i e s  

t h e  se t  of l i n e a r  r e l a t i o n s  ( 2 . 1 ) :  and we found t h a t  then any 

2 
s o l u t i o n  of ( 2 . 1 )  can be represented  i n  t h e  form x = x*+x 

where x* i s  uniquely determined by ( 2 . 1 )  and x 

x i s  q u i t e  a r b i t r a r y ,  t h e r e  i s  no reason t o  accept  any p a r t i c u -  

l a r  one of t h e s e  s o l u t i o n s  without  f u r t h e r  information.  More- 

E Kn 1 . Since 
2 

2 

over ,  it should be c l e a r  from t h e  o u t s e t  t h a t  t h i s  a d d i t i o n a l  

in format ion  should concern x only.  
2 

L e t  u s  cons ider  two p o s s i b i l i t i e s  f o r  t h e  a d d i t i o n a l  0 
in format ion  should concern x only.  

2 

L e t  u s  cons ider  two p o s s i b i l i t i e s  f o r  t h e  a d d i t i o n a l  

in format ion .  

Suppose t h a t  p h y s i c a l  cons ide ra t ions  i n d i c a t e  t h a t  t h e  pa r -  

t i c u l a r  s o l u t i o n  t o  be determined i s  conta ined  i n  t h e  neighbor- 

hood of a given func t ion  w, and t h a t  w - w +w w i t h  VI c K an6 1 2  1 n 
1 
n 1 w2 c K . 

( 2 . 1 ) .  I n  e i t h e r  c a s e ,  t h e  s o l u t i o n  x*+w should e v i d e n t l y  be 

The, e i t h e r  w = X* o r  e l s e  w i s  incompatible  wi th  

2 

t h e  one t o  be adopted. 

I f  a d d i t i o n a l  information concerning t h e  

h a s  t h e  form of a bound IIxII - < r , then r h a s  

( (x* \ \  5 r . If (Ix*Il < r2 then, any p rope r ly  

2 2 

2 2 2 

s o l u t i o n  x (t) 

t o  s a t i s f y  

normalized 

I 
element x E- K can be  added to  x*. n 
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* 5 

For  reasons t o  be explained p r e s e n t l y ,  w e  choose from 

t h e  t o t a l i t y  of t h e  s o l u t i o n s  of (2.1) t h e  "minimal so lu t ion"  

x* a s  our  r e fe rence  func t ion .  

Consider t h e  case when (1.1) does posses s  a s o l u t i o n  and 

(2 .1 )  i s  a d i s c r e t i z a t i o n  of the  i n t e g r a l  equat ion on a f i n i t e  

se t  0 = s < s <...< r, = 1. I t  i s  n o t  n e c e s s a r i l y  t r u e  t h a t  
0 1 ?.-I 

t h e  sequence of minimal s o l u t i o n s  of ( 2 . 1 )  converges t o  t h e  

s o l u t i o n  of (1.1) a s  n -  =. However, a s  t h e  fol lowing d iscuss ion  

shows, under c e r t a i n  condi t ions  a modified procedure does gene- 
h 

r a t e  a convergent sequence. . 

< 

Assume t h a t  (1.1) h a s  a cont inuously d i f f e r e n t i a b l e  so lu-  

t i o n  z ( t )  which t a k e s  on t h e  boundary va lues  z ( o )  = a and 

z(1) = b. Then, we  o b t a i n  from (1.1) by p a r t i a l  i n t e g r a t i o n  

(2.4) J ( s , t )  5 (t) d t  = q ( s )  

w h e r e  

0 
1 

0 

T ( S )  = - y ( s )  + bJ(s,l) - aJ(s,O) and 

5 (t) =A ( z ( t )  1 
d t  

For the sake of s i m p l i c i t y  suppose t h a t  a=o and cons ider  t h e  

problem of minimizing t h e  quadra t i c  form ( 5 , c )  under t h e  con - 



This  problem has a so lu t ion  f o r  every p a r t i t i o n  

1 2 n 1 3  
0 = s < s <. . .< :i = 1 provided t h a t  d e t  ( b .  .)If0 where 

0 
- b = b = (J.,J.) f o r  i , ]  = 1 ,..., N and b = b  - 

i j  j i  1 3  n + l ,  j j , n + l  
" 1  

j=1,. . . ,N and 5 = 1  
p t l ,  n - t l  

1 LJ. ( t ) d t  
" 0  3 

This  l a t t e r  cond i t ion  i.; s a t i s f i e d  i f  t h e  func t ions  

J1 (t) , 

be assumed. I t  i s  now easy t o  prove t h e  fol lowing theorem.: 

. . . , Jn( t )  , 1, a r e  l i n e a r l y  independent which may always 

Theorem I f  (1.1) h a s  a cont inuously d i f f e r e n t i a b l e  s o l u t i o n  

z ( t )  which assumes t h e  boundary va lues  z ( o )  = 0 ,  z ( 1 )  = b ,  
h 

and 5 (t) i s  t h e  minimal s o l u t i o n  of (2 .5)  , then t h e  sequence 

(2 .6)  X n ( t )  = 1 5 ( t ) d t  

converges t o  z ( t )  i n  t h e  L norm i f  

t n 

n 
2 0 

( K ,  z )  - (K,x,) 1 )  .+ o as n -. 0 

Proof Since z ( t )  s a t i s f i e s  t h e  conditions ( 2 . 5 )  f o r  a11 N ,  

and 5 (t) i s  t h e  minimal s o l u t i o n  under t h e  same c o n d i t i o n s ,  n 

w e  have 

Thus, t h e  sequence ( X  ( t ) )  i s  uniformly bounded (x (0)  = 0 )  

and equicont inuous.  Moreover, i t  s a t i s f i e s  t h e  set  of l i n e a r  

n n 

re l a  t i o n s  

Consider now the  l i n e a r  t ransformat ion  A of (1.1) r e s t r i c t e d  

t o  t h e  se t  (x ) .  S i n c e  A i s  cont inuous and {Ax n 1 .  Hence, f r o m  
n 
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1 
K ( s , t )  x ( t ) d t - y ( s ) I I  - 0 as  N 4 m i t  fol lows t h a t  

n 
0 .  

IlJ i -  

o 

Remark: (1.1) h a s  a cont inuously d i f f e r e n t i a b l e  s o l u t i o n  f o r  

example, if - a ( K ( s , t )  e x i s t s  and i s  continuous i n  0 < s, t < 1, 
a s  - - 

and i f  t h e  r igh thand s i d e  has  a f i n i t e  Four i e r  expansion i n  

t e r m s  of t h e  e igen func t ions  of K ( s , t ) .  

Uniqueness of t h e  s o l u t i o n  i s  no t  requi red .  (x  ) converges 
n 1 

2 I 

t o  t h a t  s o l u t i o n  qf (1.1) f o r  which [ k ( t ) ]  d t  i s  m i n i m u m .  
0 

3 .  The Hyperc i rc le  I n e q u a l i t y  

S ince  t h e  i n v e r s e  of our i n t e g r a l  ope ra to r  i s  n o t  con- 

t i nuous ,  t h e r e  seems t o  be no way t o  o b t a i n  a p r i o r i  e s t i m a t e s  

f o r  t h e  approximation. Nevertheless ,  we  can ob ta in  a p o s t e r i o r i  

estimates if a bound f o r  t h e  s o l u t i o n  z ( t )  of (1.1) i s  known. 

L e t  L=L(x) be a l i n e a r  func t iona l  i n  L ( o , l )  r ep resen ted  

by t h e  func t ion  h ( t ) ,  i . e . ,  L ( x )  = (h ,x )  f o r  a l l  x e L . Fur the r -  

2 

2 

m e r e ;  le+ x=x!t! he any s o l u t i o n  of t h e  system ( 2 . 1 )  and 

kl (t) , . . . , k (t)  an orthonormal b a s i s  f o r  t h e  subspace K 

spanned by K (t) , . . . , K  ( t) . Then, t h e  h y p e r c i r c l e  i n e q u a l i t y  

[SI s t a t e s ,  t h a t  

( 3 . 1 )  

n n 

1 n 

n 
2 2 2 2 

IL(x) - L(x*,) I 5 (IIxll -11xE11 (ljhl\2-I I L(ki)  I 1 
i=l 

provided x* i s  t h e  minimal s o l u t i o n  of ( 2 . 1 ) .  Since z (t) n 

i s  a l s o  a s o l u t i o n  of (2 .1 ) ,  t h e  i n e q u a l i t y  ( 3 . 1 )  a p p l i e s  

wi th  x = z .  0 
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Among t h e  va r ious  poss ib l e  choices  of t h e  f u n c t i o n a l  h 

t h e  most obvious one i s  the  following d e l t a  type func t ion  

t - 1 / 2 m  < + c t + 1 / 2 m  m 

0 1 t - tl > 1 / 2 m .  

- 
h = { f o r  

2 
I n  t h i s  case  llhll n =. 1 and by B e s s e l ' s  i n e q u a l i t y  

0 5 (llhll 2 - L i - 1  I ( h ,k i )  I 2 ) <  1, u b s t i t u t i n g  t h i s  i n t o  (3.1) w e  ob ta in  

i=l 

For  rn l a r g e  we may i n t e r p r e t  (h ,x )  a s  t h e  value of x ( t )  
w\ 

a t  t = T ,  and (3.2) becomes a uniform e s t i m a t e  f o r  t h e  approxi- 

mation of z ( t )  i n  t e r m s  of t h e  minimal s o l u t i o n  x* (t) .) ~ n 

Applying t h e  Schwartz i n e q u a l i t y  t o  any one of t h e  re- 

l a t i o n s  ( 2 . 1 )  - which a r e  o f  course s a t i s f i e d  by x* - w e  f i n d  t h a t  n 

o r  

wi th  p, 2 = max y 2 / I{ 511 2 and 5 2 an upper bound f o r  l l z / (  2 . 
1 i 

The i n e q u a l i t y  (3.3) is only of t h e o r e t i c a l  va lue  s i n c e  

w e  a r e  u s u a l l y  unable t o  compute t h e  e x a c t  s o l u t i o n  of ( 2 . 3 ) .  

Le t  a* = ( a t  ,..., a*)  and a = ( a  n 1' - n 

and approximate s o l u t i o n  of ( 2 . 3 )  , r e s p e c t i v e l y ,  and set  

. . ,a ) denote  t h e  e x a c t  and 

x* = Ta* K (t) and x = Ccu .K,  ( t ) .  From (3.3)  w e  o b t a i n  than 
n 1 i  n 1 1  
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i = l ,  . . . , n  

where IlK-'l/ i s  t h e  (A ) norm of t h e  inve r se  of t h e  Gramian 

((K,,Kj)) and \ \ e / /  t h e  corresponding norm of t h e  v i c to r  a**. 

2 

1 

For l a r g e  n t h e  Gramian tends t o  be r a t h e r  i l l c o n d i t i o n e d  
L 

and t h e  e s t i m a t e  (3.4) accordingly becomes meaningless. For 

smal l  n t h e  t e r m  5 -p w i J l  be more s i g n i f i c a n t .  By d e f i n i t i o n  

we  have p = max yi/\/Kil\ , and t h i s  i n d i c a t e s  t h a t  t h e  d i s -  

c r e t i z a t i o n  p o i n t s  should be chosen i n  such a manner t h a t  p 

2 2  

2 2 

a 
i s  a s  l a r g e  a s  p o s s i b l e .  

4. The Method of Steepest Descent 

According t o  t h e  l a s t  remark, t h e  "minimal s o l u t i o n "  of 

t h e  system ( 2 . 3 )  admits a meaningful e s t i m a t e  only when t h e  

number N of d i s c r e t i z a t i o n  p o i n t s  i s  small .  O n  t h e  o t h e r  hand, 

when t h e  r igh thand s i d e  of (1.1) i s  known a t  a l a r g e  number of 

p o i n t s  w e  w i l l  n o t  d i s c a r d  p a r t  of t h e  a v a i l a b l e  information i n  

o r d e r  t o  keep t h e  o r d e r  of t h e  corresponding a l g e b r a i c  system 

small .  Another d i f f i c u l t y  connected wi th  t h e  s o l u t i o n  of 

( l a r g e  o rde r )  n e a r l y s i n g u l a r  a lgeb ra i c  systems was mentioned 

i n  t h e  i n t r o d u c t i o n  namely, the o s c i l l a t i o n  of t h e  approximate 

s o l u t i o n s  obta ined  by d i r e c t  methods. 
0 



10 

I n  t h i s  s e c t i o n  w e  r e t u r n  t o  t h e  f i n i t e  d i f f e r e n c e  d i s -  

c r e t i z a t i o n  ( 1 . 2 )  of t h e  i n t e g r a l  equat ion.  However, i n s t e a d  

of d e v i s i n g  a smoothing procedure impGsed on t h e  system ( 1 . 2 )  

by a d d i t i o n a l  c o n s t r a i n t s ,  we  show t h a t  t h e  method of s t e e p e s t  

d e s c e n t  [ 6 ]  au tomat i ca l ly  screens  ou t  components corresponding 

t o  sma l l e r  e igenvalues ,  thereby gene ra t ing  smooth approximate 

s o l u t i o n s .  

W e  cons ider  f i r s t  a s i m p l i f i e d  ve r s ion  of t he  s t e e p e s t  

descen t  method. L e t  x and y be v e c t o r s  i n  R , A a p o s i t i v e  

d e f i n i t e  N xN mat r ix  and (x ) t h e  sequence generated by t h e  

0 n 

n 

a lgo r i thm 

r n = A x  n Y 

It i s  easy t o  see t h a t  x converges t o  t h e  s o l u t i o n  x* n 

of t h e  equat ion  Ax = y ifO<p<2/+ 

va lue  of A .  Indeed, l e t  A 1  2. h 2 2  . . . > A 

and 'pi,. . . ,tp t h e  corresponding e igen func t ions  of A wi th  t h e  

and Ai i s  t h e  l a r g e s t  e igen-  

> o be t h e  eigenbalues  n - 

n 

P rope r ty  t h a t  ( q .  1 3  ,cp . )  = bij. 

and r = ( I - p A ) r n  = .. .= ( I -PA)  r 

Then, r 0 0  = ~ x  -y=C foi ' i  

n 
n+ 1 0 

or 

S i n c e  O< p< 2 / h  w e  have I 1-1. p i=l, . . . ,N. 1 1 0 
Thus ,  r + o and x 4 x*. n n 
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On t h e  o t h e r  hand, it i s  c l e a r  t h a t  t h e  r a t e  of convergence 

i s  d i f f e r e n t  i n  t h e  d i f f e r e n t  d i r e c t i o n s  cp - L e t  p=2 @ / A  0<@<1.  i 1’ 
e 

1‘ 
I f 0  - < 1 / 2  t h e  convergence is f a s t e s t  i n  t h e  d i r e c t i o n  of (p 

s i n c e  i n  t h i s  case  

0 5 1 -  PA1 < - 1 - p h i  i = 1, ..., N. 
W e  can improve t h e  convergence i n  t h e  d i r e c t i o n  of cp 

i n g  8 =  h1/2hi - i f  A > i l  /2. 

- by choos- 
i 

i 

I f  k i s  t h e  f i r s t  index such t h a t  h k  - < hl  / 2  then  

1 - pAi > 1 - hi/ \  i = k + l ,  ..., N. 

This  l a s t  i n e q u a l i t y  shows t h a t  f o r  any choice  of O < @ < (  t h e  

convergence f a c t o r  ( I - p A . )  w i l l  be very c l o s e  t o  1 f o r  t h e  small  
1 

e igenvalues .  0 
From (4.1) we o b t a i n  

n + l  x -x* = ( I - P A )  (X -x*) =...= (I-pA) (x  -x*) hoosing x = 0 

and s e t t i n g  x = Cc  . c p  , x* = Cc*cp we o b t a i n  

n+ 1 n 0 0 

n n i  i i i  

which i s  an e s t i m a t e  f o r  t h e  c o e f f i c i e n t  of cp i n  t h e  n-th i t e r a t e .  i 

I f  the ma t r ix  A s t e m s  from t h e  d i s c r e t i z a t i o n  of a continuous 

k e r n e l  K ( s , t ) ,  most of t h e  eigenvalues  w i l l  c l u s t e r  around zero ,  

so t h a t  t h e  c o n t r i b u t i o n  of the o s c i l l a t i n g  e igen func t ions  t o  

t h e  n-th i t e r a t e  w i l l  remain small ,  f o r  n moderately l a r g e .  

( I n  a c t u a l  computations o s c i l l a t i o n  d i d  no t  t a k e  p l a c e  even a f t e r  

200 i t e r a t i o n s . )  0 
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W e  cons ider  now t h e  s tandard s t e e p e s t  descen t  method, i . e . ,  

the method where t h e  successive i t e r a t e s  a r e  generated by t h e  
0 

a lgo r i thm 

- a  r 
n n  (4.3) Xn+l= xn 

r = A x  - y  
n n 

The r a t e  of convergence can be es t imated  by t h e  i n e q u a l i t y  

(C61 p. 608) 

where A i s  aga in  t h e  largest  and A t h e  s m a l l e s t  e igenvalue 1 N 

@ of A. S ince  i n  our case  A i s  very  small ,  t h i s  a pr ior i -  N 

estimate i s  r a t h e r  p e s s i m i s t i c .  A s  be fo re ,  w e  can show t h a t  

convergence i s  f a s t e r  i n  t h e  d i r e c t i o n  corresponding t o  l a r g e r  

e igenvalues .  

Re ta in ing  t h e  prev ious  n o t a t i o n  we o b t a i n  from (4 .3)  

- -c* = (coi-c;) (1-CY A . )  . . . (1- A .  (i=1, ,N) 
n + l , i -  ' n + l , i  1 0 1  n i  (4.4) e 

and 

(4.5) C Y =  n 

2 2  
CiAiGni 

C . A 3 E L  
1 1 n i  

-1 -1 
n -  

A s  long a s  CY > A /2 convergence 
N' n 1 Evident ly ,  A ,  CY > A 

t a k e s  p l a c e  i n  every d i r e c t i o n  cp l i k e  i n  t h e  case  of t h e  s i m p l i f i e d  i 

s t e e p e s t  descen t  method. A l s o ,  s i n c e  t h e  r a t e  of convergence i s  

slow i n  t h e  d i r e c t i o n s  corresponding t o  small  e igenvalues ,  t h e  
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i t e r a t i o n  produces smooth approximations f o r  n moderately l a r g e .  0 
-1 
n -  

L e t  us  cons ider  now t h e  case of cy < h 1 / 2 .  There e x i s t s  

i n t e g e r s  k=k(n)  and L= L(n) with t h e  p rope r ty  t h a t  

From (4.5) and (4.6) it follows t h a t  

2 2  -1 n, 2 2 -1 
(4.7) f h " (Ai-"n ) = \ hi 6 ( C Y n  - h i )  i n  i i n  L 

i=l L+1 

2 2 S e t t i n g ' m a x  e = B we f i n d  t h a t  i n  
L + l < i < N  - 

2 A . c y  2 -1 < c 2  h 2 ( X i - c y i f  1 N B 2 hulan 2 -1 ' 

f " n i  1 n - i n  i 

o r  -1 2 
2 
n i  - < N P ~ ~ ]  f o r  a l l  i = l ,  ..., k.  

I -1 This  i n e q u a l i t y  shows t h a t  cy can be small  only when t h e  n 

e r r o r  i n  t h e  d i r e c t i o n  of l a rge  e igenvalues  i s  s u f f i c i e n t l y  

small .  Thus, i n  t h i s  case  too, t h e  f i r s t  i t e r a t i o n s  a r e  i n  

' t h e  d i r e c t i o n  of t h e  l a r g e r  e igenvalues .  

-1 
n 

2 

( I t  may be of i n t e r e s t :  t o  no te  t h a t  cy is  t h e  center of 

mass of t h e  e r r o r  squares  e 2  weighted by A i  and s i t u a t e d  a t  n i  

t h e  p o i n t s  A r e s p e c t i v e l y .  F r o m  t h i s  f a c t  t h e  fol lowing i 

q u a l i t a t i v e  p i c t u r e  of t h e  i t e r a t i o n  p rocess  emerges: A t  t h e  
? 
L 

n-th s t e p  of i t e r a t i o n  t h e  l a r g e s t  decrease  i n  e t a k e s  p l a c e  n i  
-1 -1 
n P P a t  p o i n t s  c l o s e s t  t o  cy . If cy >h / 2  (where h i s  t h e  
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2 largest  eigenvalue f o r  which E > o ) ,  then t h e  o v e r a l l  decrease  
n i  

i n  c i s  larger on the r i g h t  of CY and t h e  c e n t e r  of mass of 2 -1 
n i  n 

2 
n + l , i  i . A  2 moves t o  t h e  l e f t :  CY -1 n+l < CY -1 . Simi la r ly ,  n 

the q u a n t i t i e s  c 

-1 -1 - . Therefore ,  w e  can expect  t h a t  > i f  cyn'< A /2 then 

the sequence   CY-^} w i l l  o s i l l a t e  around h /2.  
n 

i t e r a t i o n  with cy 

P 

A l s o ,  s i n c e  
P 

< x' /2 causes divergence i n  t h e  d i r e c t i o n  -1 
n P 

i n n 
of e igenvalues  A    CY -1 , the sequence of r e s i d u a l s  r = ))Axn-yI) 

w i l l  a lso s h o w  an o s c i l l a t o r y  p a t t e r n , )  

Making again t h e  choice  x = 0 ,  we o b t a i n  f r o m  (4.4) 

n i  

0 

an a p o s t e r i o r i  estimate f o r  5 

2 2 i n  t e r m s  of a bound b > 1 1  x* 1 1  and t h e  e igenvalue  A . I n  
i 

p a r t i c u l a r ,  i f  A < e ,  max CY = Q and c CY < 1 we f i n d  t h a t  k k i 

5. Numerical So lu t ions  

The convergence of t h e  s impl i f i ed  method of s t e e p e s t  des- 

c e n t  (4.1) i s  very  s l o w .  Although, it i s  r e l a t i v e l y  easy t o  

approximate t h e  f i r s t  e igenvalue A and execute  a l a r g e  number 

with P = 2 @ / A ,  0 < c 3 <  1 however, of i t e r a t i o n s  x 

t h i s  advantage does not  compensate f o r  t h e  l o w  r a t e  of con- 

i 

n+l=xn-prn 

vergence. 

A bet te r  approach is t o  execute  a s m a l l  number of i t e r a t i o n s  

( u s u a l l y  one o r  t w o )  wi th  each element of a sequence  



1 5  

pi = 2€ l i /h l  

by t h i s  procedure a r e  gene ra l ly  not  i n f e r i o r  t o  those  obtained by 

t h e  s t anda rd  s t e e p e s t  descent  method; moreover we do no t  r u n  t h e  

r i s k  of o s c i l l a t i n g  approximations.  

t h e  s o l u t i o n s  obta ined  by these  two methods. 

t h e  o s c i l l a t i o n  of t h e  c o e f f i c i e n t  CY 

e .g . ,  e i  = (1 + i / N ) / 2 .  The r e s u l t s  obtained 

Tables  l a  and l b  e x h i b i t  

Table l b  a l s o  shows 

a s  descr ibed  i n  t h e  pre-  n 

v ious  s e c t i o n .  

A more e f f e c t i v e  ve r s ion  of t h e  s t e e p e s t  descent method 

( C61 P. 608 1 is  based on t h e  formula 

+ CY A r  +. . .+ cy 
n + CYlrn 2 n  P n 

= x  n +1 ( 5 . 1 )  x 

wi th  

r = Ax -y n n 

The c G e f f i c i e n t s  cy are determined from t h e  cond i t ion  t h a t  

t h e  f u n c t i o n a l  (Ax,x) - ( x , x )  be a minimum i . e . ,  t h e  ai  s a t i s f y  

t h e  system of equat ions  

(5 .2)  (A rn , rn)  + 

i 

,rn) = 0 n j-1 p CY (AJ+k- l r  
-1 k 

l--l 
n - A  j= ' 1  A ,  , p .  - 

T h i s  method is  more t h e n  p t i m e s  f a s t e r  then t h e  s tandard  

s t e e p e s t  descent  method. I n  a c t u a l  computation t h e  sequence 

of i t e r a t e s  is somewhat s i m i l a r  t o  t h a t  of an asymptot ic  s e r i e s :  

while  t h e  f i r s t  few i t e r a t e s  a r e  approaching t h e  s o l u t i o n ,  

i t e r a t e s  of higher  order  u sua l ly  t e n d  t o  i n f i n i t y .  

the  

The r e s i d u a l  

norm r = 1 )  Axn - y 1 1  shows a s i m i l a r  p a t t e r n :  a t  f i r s t  r 
n n 

d imin i shes ,  b u t  l a t e r  it inc reases  i n d e f i n i t e l y  . ( I n  c o n t r a s t  
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t o  the s tandard  s t e e p e s t  descent method - w e  cannot expect here  

o s c i l l a t i o n  s i n c e  x i s  a l i n e a r  combination of s e v e r a l  indepen- 

den t  v e c t o r s  x , r  and it does not  po in t  i n  the  direc- 

t i o n  of a s i n g l e  e igenvec to r . )  However, it i s  only approximately 

a 
n + l  

n n ' * ' . '  n 

t r u e  t h a t  the best approximation ( i n  the  sense of uniform norm) 

corresponds t o  the  smallest value o:C 1 )  r A s  a r u l e  w e  have 

s e v e r a l  approximations whose r e s i d u a l s  are  of t h e  same order.  

From t h e s e  w e  choose according t o  a predetermined c r i t e r i o n .  

1 1 .  n 

E .g . ,  i n  our numerical  experiments t h e  s o l u t i o n s  a r e  polynomials,  

a n a l y t i c  f u n c t i o n s  and r a t i o n a l  func t ions  w i t h  no s i n g u l a r i t i e s .  

1 2 I n v a r i a b l y ,  t h e  smoothest i t e r a t e  ( r  (z ) = min ) furn ished  

t h e  best (uniform) approximation. 

J O  n 

Except for  t ab l e s  l a  and lb ,  t h e  t e r m  ' 'steepest descent  0 
method" r e f e r s  t o  t h e  i t e r a t i o n  def ined  by formulas ( 5 . 1 )  and 

( 5 . 2 ) .  W e  found experimental ly  t h e  va lue  p = 3 y i e l d i n g  the 

best r e s u l t s ,  so lv ing  ( 5 . 2 )  by  a simple Gaussian e l imina t ion .  

A l a r g e r  va lue  fo r  p would speed up"convergence" so much t h a t  

no smooth approximation would be obta ined  a t  a l l .  

I t  i s  known t h a t  t h e  proper choice of t h e  i n i t i a l  approxi- 

mation i s  e s s e n t i a l  f o r  success w i t h  t h e  s t e e p e s t  descent  method. 

The choice x = y y i e l d s  ro = A x  -y = C h i ( h i - l ) < T  'pi. Appearently,  
0 0 

the  components of r i n  t h e  d i r e c t i o n  of t h e  smaller e igenvalues  

are r e l a t i v e l y  s m a l l  and the  bes t  approximation a t  t he  beginning 

(see sec. 4 )  is  achieved i n  the  d i r e c t i o n  of t h e  l a r g e r  e igenvalues .  

0 
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2 The choice x = Ay ( o r  even x = A y )  i s  s t i l l  b e t t e r .  
0 0 0 

The method of conjugate  g r a d i e n t s  h a s  some of t he  cha rac t e r -  

ist ics of t h e  s t e e p e s t  descent  method, b u t  it is e s s e n t i a l l y  

a d i r e c t  ( f i n i t e )  method. Consequently, the  i t e r a t e s  of higher  

o rde r  a r e  o s c i l l a t o r y .  Nevertheless ,  t h e  f i r s t  i t e r a t e s  which 

are n o n o s c i l l a t o r y  do provide i n  some c a s e s  b e t t e r  (uniform) 

approximations than  those  produced by t h e  s t e e p e s t  descent  

method. Another advantage of t h e  former i s  i n  t h e  re levance  of 

double  p r e c i s i o n  procedures w h i c h  y i e l d  r e s u l t s  t w i c e  a s  good a s  

t h o s e  obta ined  by s i n g l e  p r e c i s i o n  procedures .  However, t h e  

i t e r a t e s  a r e  g e n e r a l l y  less smooth then  the ones obta ined  by t h e  

s t e e p e s t  descent method. 
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C .54 1 1 5 6  

C .4 1 7 4 3  1 
C.SO44Et  
c .€9CEC9 
c a E 7 t  7 1 3  
C . E b i C t 9  
c mE47CC9 
C o E 3 1 6 C 1  
C . f l 5 F l C  
c . E G C C C C  
L o 7 8 3 S i S  
C . 7 6 7 7 5 4  
C. 1 5 1 5 2 7  
C . 7 3 5 2 4 4  
C 8 7 1 9 1 C 1  
C . 7CiSf 
C . t 8 t  S S C  
C . 6 7 1 1 4 1  
C . t 5 5 4 C S  
c . t 4 c c c c  
C o t 2 4 7 5 6  
C .tG5756 
C o S 9 5 C 1 7  
c . s a c 5 5 2  
C . 5 6 6 3 7 2  
c 8 5 5 i 4 € 6  
C . 5 3 E F C i  
C.525624 
c 0 5  l i 4 5 5 t  
c . s o c c c c  

C.S2S652 

I T E R b T E D  5 C L .  
c o s 5 2 5 c 5  
C o S S 4 8 1 1  
C o S S t 2 5 5  
C o S 9 t 7 1 6  
C.c39?244 
c 04 E 7 4 6 4  
C o S 8 1 4 1 3  
C.474358 
c 4 63 7 7 4  
G o 5 5 3 2 1 5  
c . 5 4 2 7 5 7  
C . 5 2 S 8 7 1  
C 5 1 5 6 5 8  
c a s c 4 7 c 1  
C O E E € 8 S 5  
CoE749C2 
C.E5S82C 
C o E 4 5 2 4 2  
C e E 2 5 9 i 8  
C . E l 3 8 4 1  
C . 7 9 7 6 5 4  
C 8 7 8 2 1 3 6  
C . 7 6 5 8 1 1  
Co75C8C7 
c . 7 3 4 7 2 4  
Co71'425G 
c 7C334C 
C . e e 7 5 i E  
C o t 7 1 5 4 7  
C o t  5 6 2 2 8  
C 8 6 4 1 9 5 3  
C . 6 2 t 4 S  1 
c o t  1 1 2 5 5  
C o S S t 6 5 5  
C o s 1 9 2 6  
c . 5 t 7 1 1 1  
C . 5 5 2 7 i e  
C .  53503 7 
c . 5 2 5 2 t c  
C . 5 1 1 8 5 2  
C.49€532 

P E S I C L E L  
-Loc i3  1 3 t - 0 6  
- c .  e L C i t E - C t  
-C.73C2E-GC 
- C . C 5 5 7 f - C 6  
-C.5737E-Gt 
- C . 4 S 1 7 k - i t  
- C O 4 3 2 1 E - G 6  
-C.3725E-OC 
-L o3C92E-CC 
- C . 2 5 ? 3 E - C 6  
-C*2CEt€-Ct 
-C. 1 t C Z E - C t  
-Co lC@CE-O6 
-C.b7CtE-C7 - C 2 S e C  E- C 7 

C .3725E-08  
C .3725E-07  
C.7C78E-07 
C . 1 C C t E - O t  
c 1 3 4  1 E - C t  
C. 1 6 3 S E - O t  
C.1SCOE-06 
C.21SEE-Ct 
C.2384E-CC 
C.2CORE-CC 
C.2e31E-L;C 
c .  3C55E-CC 
C . 3 3 1 6 E - 0 6  
C * 3 4 6 5 € - ( ; 6  
C . 3 t 5 1 E - C t  
C.37t3E-06 
C.3S4FE-CC 
C . 4 1 3 5 E - 0 6  
C 4 2  8 4 E - C t  
C.4433E-Cb 
c . 4 t  iSE-C6  
c 0 4 7 3 1 E - C t  
C 0 4 € ? 4 3 E - C t  
C.4955E-CC 
C.SCt6E-CC 
C.5178E-CC 

EP6C.T SCL. h C F C  = O . e C 1 i E  C C  I T E H P l E C  SCL. N C P P  = C.ECL7E C C  

s,' (l+s+t)-' x(t)dt = ) + $ (l+s)][l+(l+s) 2 1 -1 = Y ( s )  

2 -1 
x ( t )  = (l+t ) : X J t )  = Y ( t )  

Table Id 



A F T E R  1u I T E H A T I f l N S  B Y  S T E E P E S T  D E S C O q i )  

T 
0. 
0.025 
0 . 0 5 0  

0 
0.u75 
0.1GU 
0.125 
0 . 1 5 0  
0.175 
0.2cu 
0 . 2 2 5  
0 .250 
b . 2 7 5  
0.3cli  
0 .325  
0 . 3 5 0  
0 . 3 7 5  
0.4CO 
t i 0 4 2 5  
0 . 4 5 u  
0 . 4 7 5  
U.5CO 
0.525 
0 . 5 5 0  
0 . 5 7 5  
006Lc) 
0 . 6 2 5  

3.7bO 
0 -  7 2 5  
(3.750 
u. 7 7 5  
Ll.BL0 
U.825 
0 . 8 5 0  
0 . 8 7 5  
c1.9c;o 
0 .925  
b.YS0 
O o Y 7 5  
1.0co 

E X A C T  S C L C T I C h  

C o C 7 8 4 5 9  
C . 1 5 6 4 3 4  
C -2 3 3 4 4 5  
C . 3 3 9 0  1 7  
c 0 3 8 2 0 E 3  
L . 4 5 3 9 9 0  
C o 5 2 2 4 S 9  
C .5877E5  
C o 6 4 Y 4 4 8  
C.7U I 1C 7 

L .  

Co76C4C6 
C oPOYUl7  
C E m 6 4 0  
C.8YlOG7 
C . 9 2 3 8 8 0  
C oS51C57  
C . 9 7 2 3 7 i1 
C . 9 8 7 6 8 8  
L o 9 9 6 9 1 7  
1.COCGCO 
C.4969 17 
C.5676E8 
G . 9 7 ;  37  11 
CmS51057 
Co9238k!b 
L 8 9  1 U C  7 
L . e 5 i 6 4 U  
C.€!c)4017 
Co76C4C6 
C o 7 0 7 1 i 7  
c a t 4 9 4 4 8  
(3.5877E5 
C . 5 2 2 4 9 9  
C . 4 5 3 9 5 1  
i o 3 8 2 0 @ 3  
L o  30SO 1 7  
G o 2 3 3 4 4 5  
C . 1 5 6 4 3 4  
i j .C7b45Y 
C .COCOc;~S 

I T E R A T t n  S C L .  
- u . i  3 4 5 c 2  

0 . 4: 5 3 5 7 6 
G o 1 5 U l l ~  
0.136676 
C. 3 1 7 3 4 4  
b o 3 9 5 3 7 8  
ci . 4 6 9  7 5 4  
0 . 5 3 8 3 4 6  
3 o 6 0 3 0 L 1  
e . t 6 2 7 ~  
0 . 7 1 7 4 1 8  
0.7671)22 
C.8 1 2 6 3 8  
i l o E 5 1 6 3 u  
0.88664c) 
C . 4 1 5 9 5 3  
E; Y 4 C 3 8 6  
3 . '1 5 9 3 C Y  
O o ' i 7 3 U 5 L  
Oms81342  
c . 5 e 3 7 z (3 
0 98 188 7 
O o 9 7 4 U 8 d  
Uo961UbH 
0 . 9 4 ? 6 & 7  
O o ' 1 1 8 2 5 4  
I;. 89C382 
O o e 5 5 5 1 7  
C.-f!16625 
Oo771Y 3 2  
0 . 7 2 1 1 b T  
~ 1 . 6 6 6 9 1 2  
5 0  6 C ) b Y k ~  
0 . 5 4 2 5 2 1  
Go4 72 I C  7 
U.396927 
C.318/41 
0 . 2 3 4 1  55  
0 1 4 5  129  
C t 5 G 8 4 !j 

- 0 o 0 4 7 2 L h  

E P R C R  N C H P  = C o 1 4 C 3 l i - 0 1  RESIDUAL &:JAM = d.lC;431'1-U7 

1 2 2 -1 
Jo exp(-st)x(t)dt = n(l+exp(-s))(s +IT ) 

x(t) = sin(nt) ; x,(t) = t 

0 
Table 2a 



I 

0.075 
0.1L;O 
0.125 
u ,  150 
0,175 
0.2iiG 
9,225 
3 . 2 5 0  

0.300 
3 . 3 2 5  
c1.350 
u.375 
u.4GO 
0.425 
0 . 4 5 0  
0.475 
u.5cc 
d.5i5 
0.550 
0.575 
Ci06C;O 
2 , 6 2 5  

~1.275 

U.7LU 
0.725 
0.750 
0.775 
l J . B i ; G  
0.825 
0 . 8 5 U  
0.87s 
O o 9 U O  
0.925 

u.975 
L.UCU 

o.wiir 

E X A C T  S C L L T l O h  
C .  
i . c' 7 0 4 5 \ j  

C.156424 
L . 2 3 3 4 4 5  
C 3 W O  17 
i 3 8 ~ 6 k  3 
L . 4 5 3 Y 4 C  
C. 5224S9 
C oE877e5 
C.t4$44U 
Co7071C7 
C. 7 6 b 4 C b  
Coe'3LU17 
C o b 5 L 6 4 d  
C . e Y  lUC7 
C 0 9 2 3 R E C  
C . 4 5 1 U 5 7  
c .47;37u 
Co9816C8 
C.496917 
1 .C?cILCLL 
C*49CY 17 
COY87688 
Ce972370 
Cm951b57 
C.SL368rJ 
i . t 3 3 L ' J L ?  
C.85264~ 
C Buy317 
C 76L4C6 
Co7U71C7 
c . 64 '344  8 
c . 5 8 7 7 8 5  
i o 5 2 2 4 S 3  
i 045399 1 
G 9 38i!6€!3 
C -3UYQl7 
C 233445 
Lo150434 
c . 0 7 k i 4 5 9  
C.CJGdCU 

I T E R A T E 0  StiL. 
t i , C U C l d 7  
c j  . L 8 2 '9 3 1 
2 . 1 6 4 7 4 3  
0.232801 
0 . 3 3 G  7 3 7  
L 0 3 74IJ8 3 
C - 4  5 2  2 (2 4 
lj.516430 
I i . 58Y576  
0 6 4 '44 4 2 
3,70377'9 
ci. 7 5 9 8  7 2  
C0t3i17247 
j . 8 5 7 7 ~ 6  
L.k!912L4  
0 . 9 2 9 5 7 1  
U*453(r38 
c*c1 71 ! Y 8  
ti 9 9 0 5  10 
1.c00132 
1 .t,,C122'34 
l.LbC346 
c) . 5 9 1 9  3 3 
0.4 703 1 5  
J - 9 5 3 4 6 ~  
C.!917uU J 
0 . 8 3 4 7 1 2  
0.8SC093 
6.813357 
C.75853 1 
i).70Cl925 
G .  L 4 S 2 3 5  
Lo587179 
0 . 5 2 5 3 5 3  
C.4523C2 
0 . 3 7 8 1  ~ t l  
d . 3 1 7 9 5 4  
L' - 2  3 5 9 5 5 
U .  1 6 1 d k 5  
r3.~77247 

- O I C 0 2 2 u 4  

2 2 -1 fl exp(-st)x(t)dt = n(l+exp(-s)) ( s  +n ) 

x(t) = sin(rrt) ; xo(t) = t 

Table 2b 



P F 7 E P  13 I T E k A T I C h S  t3Y C C N J U C A T E  G R A C I E N T  
c 

T 
I 

it. 
U.tJ25 

* I T E R A T E O  SCL.  
C m L ‘ 0 8 5 5 3  . C 8i 1 4  5 
i, . 1563 77 
6 . 2 3 2 2 5 5  
L o 3 0 3 2 8 4  
b . 3 7 8 5 t h  
‘ , .452l l i r  
G o 5 2 1 3 5 7  
~ 5 8 7 2 6 6  
CI . 6 4 9 9 1 3  
C.7U6623 
C 7 6 1 4 1 8  
C. e 1 4 6  1 7  
C . e 5 15 ti 5 4 

b . 4 2 7 4 7 4  
C - Y  54  1 5 2  
~ . [ i 7 ? 2 C 2  

~ o E 9 1 9 C 5  

C - 3 8 8 3 2 8  
C 99724 ‘1  
1 C G C 1 5 9 
C.SS49 1 7  
i. j t J 5 2 4 4  
C.96Y738 
C.S4€!517 
C.927113 
f o e 8 7 1 6 3  
C . 8 4 S 5 C 1  
C o 8 O t 5 2 6  
C.76C934 
0 . 7 0 9 3 4 6  
c.  6 5 5 4 4 9  

C o 5 2 6 5 E 2  
C.457236  
C.387114 
0 . 3 0 8 3 6 1  
C 2 3 3 0 7 1 
C . 1 5 5 4 3 6  
C .L76327  

-i.CC58@3 

c . 5 8 v i e 8  

- 
Double precision 

Table 2c 



I I F T E R  5 I l E P P T I C h S  P Y  S T E E P E S l  CESCENC 

T 
c. 
c . . c i 5  
C . L 5 C  
c . C i 5  
c .1cc  
C.125 
C.15i: 
C.175 
0 . 2 c c  
c . 2 i 5  
C . Z ' . G  
c . 2 7 5  
c . 3 c c  
C.325 
i ; . 3 5 C  
t.375 
G . 4 c . C  
c . 4 2 5  
C.4fC 
0 .475  
C . 5 C L  
C . 5 L 5  
C.55C 
c . 5 7 5  
c . c c c  

E r P C T  S C L t T l C h  
i .  
c o c 7 e 4 5 9  
C . 1 5 t 4 1 4  
c . 2 3 3 4 4 5  
C o 2 G S G 1 7  
C . 3 8 2 6 € ?  
L .4539SC 
C.522459 
C o C 0 7 7 E 5  
c . t 4 5 4 4 e  
C . i O 7 1 C 7  
C . 7 6 i 4 c t  
C . E U 4 0 1 7  
C O f 5 2 6 4 C  
C * € ! 9 1 C C 7  
C o5238EC 
C o S 5 1 C C 7  
C.S7237C 
c . s 8 7 6 ~ e  
C o S 9 t S 1 7  
1 . c o c c c c  
C o S 9 6 5 1 7  
c . s m x e  
C . 5 7 i 3 i C  
C . 5 5 1 C 5 7  
C o 4 2 3 E € C  
C.E91CC7 
c . e s i 6 4 c  
c . E C S C  1 7  
C o 7 6 i 4 t t  
C 0 7 0 7  1C7 
c O t 4 5 4 4 8  
C.5877E5 
C .52;4W 
C . 4 5 3 9 5 1  
C . 3 8 1 6 E 3  
C .3C5G17 
c . 2 3 3 4 4 5  
L . 1 5 6 4 7 4  
c .C7&45S 
C . C G C C C C  

I T E K b T E C  SCL. 
- C  .t3 7 1 t i  

c . c 5 7 9 5 e  
C o 1 4 S 3 5  7 
C o 2 3 t 3 S 2  
C o 3 1 e 2 7 C  
C03FC4E5 
c . 4 7 c 3 5  3 
C o 5 3 5 4 t 2  
c . t c 4 1 c e  
C.E6345@ 
C.71ElES 
L o 7 6 7 6 1 2  
C.t.12775 
C o e 5 2 5 2 9  
C o t  8 t 4 t  7 
C.515553 
c .  5 3 5 9 5 4  
CoE5E6C5 
C.S7204G 
C o S e C 6 2 9  
C o S e 3 1 1 7  
c .sa11 1 3  
C o S 7 3 2 t 4  
c . s c c 4 3 3  
C . 5 4 2 0 5 1  
C . S l E 1 5 9  
c .esc1c 1 
c . 1 5 5 4 5 4  
C E l t 6 t S  
C.772041 
C .722253  
c . c c 7 5 c 5  
c . t c 7 5 t o  
C 2 4 3 1 4  1 
c . 4 7 2 e 4 7  
C.'S7546 
C.31E624 
C * 2 ? 4 G 1 5  
C. 1 4 4 5 5 8  
c . c 5 c o 4 c  

-CoC4ebC7 

H E S I C L P L  
- C . ? 5 7 t E - C t  
-C .2757E-Ct  
-C.2C@6F-Ct 
-C.lSC5t-Ct 
- C o  €!541E-07 
- C * 5 2 1 5 E - L 7  
- C  , 7 4 5 1  E - C E  

C * 2 2 3 5 € - C 7  
C 052  15E-07  
C e 1 5 6  E-U7  
C o l C 4 3 E - C t  
C. l lC i2E-Ot  
C. 1 3 4 1 E - G t  
C o 1 4 1 6 E - U t  
C 1 4  1 C E - C t  
C. 145OE-Ct  
C.15tSE-CC 
C . l L j t 5 E - C t  
c 149CE-Cit 
C.1416E-C;t 
Co1378F-CC 
C.13G4E-Ct 
C.122CiE-CC 
c. 1 C B C E - C t  
C. 1 C C C E - C t  
C.8941E-C7 
C 6 7 GO E-07 
C 55 E 8E-07 
C026CE!E-C7 
C.111EE-C7 

-C.3725E-0€! 
- C o 3 3 5 3 E - 0 7  
-C0S9CGE-C7 
-C .8941E-C7 
-C.1155E-OC 
- C * 1 4 5 3 € - 0 t  
- C . l Y 3 / t - C 6  
- C . 2 2 7 2 E - C 6  
- C . 2 6 e 2 E - O t  
-C.3CY2E-Ot 
- c  . 3 5 7 6 E - C t  

E F P C P  hCPF = C . 1 4 7 1 k - c l  R E S I D L A L  KORP = C.147EE-06 

E P P C T  S C L .  h C P C  = 0 .7171E C C  I T E R b T E C  S C L .  NORY = C.7C7GE C C  

-st -s 2 2 -1 r l  e x ( t ) d t  = rr(l+e. +rr = y ( s )  
JO 

x ( t )  = s in ( r r t1  : x , ( t )  = Y ( t )  

Table 2d 



C F l E F  L C  I T E R b T I C h S  E Y  C C h J L G P T E  G R A C I E h T  

1 
c .  
G m C 2 5  
G . L 5 C  
L a c 7 5  
c . 1 c c  
~ 0 1 2 5  
C ; . l 5 C  
C . 1 7 5  
C.ZCC 
L o 2 2 5  
0.25c 
(2 .275 
G . 3 C C  
c .325 
C . 3 L C  
c . 3 7 5  
0.4CC 
0 . 4 2 5  
0 . 4 5 c  
i . 4 7 5  
0.5CC 
6.525 
c1.55i 
C.573  
C.6CC 

E B P C T  S C L L T l C h  
C. 
CmC7E4SS 
C . 1 5 t 4 3 4  
c 0 2 3 3 4 4 5  
L.30SG17 
C . 3 8 i C E 3  
c . 4 5 3 5 5 c  
c 052 i4SCj  
C . 5 8 i 7 E 5  
L .c45442! 
C ,707 1C 7 
C o 7 6 C 4 C t  
CoEOS017 
C . @ 5 i 6 4 C  
C.E91CC7 
C . S 2 3 ! 3 € C  
L o S 5 1 C 5 7  
C . S 7 i 3 l C  
C m S 8 7 t E t 3  
C . 5 9 t 5 1 7  
1 . C O C C C C  
C.SYtCi l7  
C . S 8 i e E e  
c . S 7 i 3 i C  
CeS51C57  
C o S 2 3 6 E C  
C.ESlGC7 
C o € 5 2 6 4 C  
C oeOSC17 
C e 7 6 C 4 C t  
C o 7 0 7 1 C 7  
c . t 4 5 4 4 e  
C . 5 0 7 7 € 5  
C . 5 2 2 4 5 9  
C , 4 5 3 9 5  1 
L . ? R 2 6 F ?  
C o 3 P 3 0 1 7  
C .i 3 3 4 4  5 
C . 1 5 t 4 3 4  
c e c 7 e 4 5 9  
c .COCCCC,  

I T E H P T E C  S C L .  
C . C 1 ? 6 i 6  
c . c e c 5 t c  
C . 1 5 4 3 4 4  
Co23EOC8 
C . Z S t 4 5 5  
C 1 3 7 t 3 5 8  
C . 4 5 1 6 5 4  
C.5 1 4 4 %  
c*E,4co5s 
C . t 4 t 2 t 6  
C .764854  
C . 7 5 2 8 t 6  
C . E  1 2 3 1 3  
c E 5 5 3 5 5  
C.ES1141 
c .s  3 3  5 3 4  
C . 4 5 3 6 t 2  
CmS7E3Cl  
C o S S 4 7 3 2  
C .SF62 7 7 
l .CCC9E8 
C 0 4 S S 6 2 8  
C.SBE2Cl 
C S 7 1  8C9 
C oS4SOC3 
i.S 1 7 4 7 9  
C o E S 1 7 2 2  
c E47 1 c c  
2 1 4 3 6 2  
C . 7 5 t 8 3 8  
C o 7 0 3 1 E 3  
C06456SC 
c . 5 9 2 7 5 4  
C 0 5 2 3 1 7 1  
C . 4 5 3 8 € 6  
C . 1 7 6 7 5 1  
C 0 ’ 2 C 2 3 1  
c . 2 3 5 4 2 3  
C -  1 5 5 5 4 4  
c . c 7 5 4 s 3  
C.LCC439 

P C S I C L P L  
C 447CEmC7 
c .447CE-07  
C.44 7 C E - C 7  
C .5215E-C7  
C O 5 2 1 5 E - C 7  
C 5 2  15 E-07 
C o 5 2 1 5 E - 0 7  
C t 7 C t  E-C7 
Cm59tCE-07  
C.67CCE-07 
C . t ? C t E - 0 7  
C o 6 7 C t E - 0 7  
C.67CCE-07 
Co67CCE-07 
C o 7 4 5 1 E - 0 7  
C . 7 4 5 1 E - t 7  
C . 7 4 5 1 E - 0 7  

C . 7 4  5 1 6 0 7  

C o 7 8 2 3 E - C 7  

C * 7 4 5 1 E - C 7  

C. 7 4 5 1 E - 0 7  

C 7 8 2  3f-07 
C e e l c j C E - 0 7  
C .E lS6E-07  
C .7823E-U7 

G.7823E-07  
C . e l 5 6 E - 0 7  
C 7 6  23E-07  
C . @ 5 t & E - 0 7  
C . @ 5 t E E - C 7  
L .85CeE-07  
C.8568E-U7 
C o a 5 6 e F - 0 7  
C 08F41E-Ci7 
C,9717F-117  

C.85tEE-C7 

C.8941E-07  

C.96eCE-07 
G. lC43E-CC 
C . l C 4 3 E - G t  

C . 9 3 1 3 E - 0 7  

E I C I C T  S C L .  b C F C  = 0 .7C71E C C  I T E R L T E C  S C L .  h C R P  = C.7C7ZE C C  

- s t  -s  2 2 -1 
r1 e x ( t ) d t  = rr(l+e )(s +rr ) = y ( s )  
J O  

x ( t )  = s in( r r t )  : x o ( t )  = Y ( t )  

Table  2 e  



. A F T E R  5 I T E R A T I O N S  8Y S T E E P E S T  GESCENI)  

T 
5. 

d .075  
Ci.lti0 
0.125 
0 .150  
0 . 1 7 5  
O o 2 C r j  
0 , 2 2 5  
UW25d 
Uw275 
0.3CU 
0.325 
u w 3 5 0  
0 .375  
0 0 4 C O  
0 , 4 2 5  
0 .450  
o w 4 7 5  
C1.5Gc1 
0.525 
CI.5TU 
0,575 
O.6GO 
0 .625  

E X A C T  SCLUT IC& 
l .OU/crl iCL' 
C .9523t! 1 
C .Y UUU5 1 
C.864565 
C . 8 3 3 3 3 3  
c .8ococo 
i 7 6 ~  2 3  1 
Cw74C741  
La 7 1 4 2 8 6  
Go689655 
C 0 6 6 6 6 6 7  
Co6451C 1 
C.b250t0 
C.606061 
Lo588235 
C . 5 7 1 4 2 9  
C . 5 5 5 5 5 6  
L - 5 4 C 5 4  1 
L 5 2 6 3 1 6  
C . S l i 8 2 1  
L . 5 O C O C O  
C.4878C5 
Co47Cl ' iO  
C 0 4 6 5 1  16 
c . 4 5 4 5 4 5  
c . 4 4 4 4 4 4  
C . 4 3 4 7 8 3  
G o 4 2 5 5 3 2  
C 0 4 1 6 6 6  7 
c W 4 u 8 1 c 3  
L m 4 0 ~ 0 C O  
C 0392 1 5 7  
C - 3 8 4 6 1 5  
C . 3 7 7 3 5 8  
C w 3 7 b 3 7 0  
C 3 6 3 6 3 6  
C.357 1 4 3  
c . 356877 
C . 3 4 4 8 2 8  
c . 3 3 8 9 e 3  
c 0 3 3 3 3 3 3  

I T t X A T E U  SCL.  
io987163 
OoY5t i l  I J  
CI 0 9 1 2 3 2 1  
U b 7 1d 2 4  
G o 8 3 7 3 4 1  
C 8O424d  
0 .  773261)  
11.7442Y8 
0 0 7 1 3 7 3,4 
G. tY037c;  
0 . 6 6 7 0 2 2  
~ ~ 6 4 4 4 5 3  
C 6L31C 5% 
ir.cL!1213 
30 5 8 3 1  1 1  
C o 5 6 7 2 4 R  
C o 5 5 1 Y 7 1  
c . 5 3 7 7 4 9  
0 . 5 2 6 4 8 3  
Go5104L.3 
L . 499OC. 6 

0 . 4 7 0 0 3 5  
G o 4 6 5 4  18 
C;. 4 5 5 6 e 6  
G w 4 4 7 3 3 2  
u 04  39143 
L.43C061) 
0 0 4 1 7 Y E 4  
0 4 1 16 L C. 
3 404Y  8 6  
6 . 3 9 4 7 6 8  
U o 3 8 9 0 S b  
C 38GO4 3 
C 3 7 1 3 4 7  
G o 3 6 4 9 6 6  
C . 3 5 8 6 / 8  
0 . 3 4 8 6 9 8  
c . 3 4 0 i i 7 3  
G.3323'35 
L o  3 2 4 6 6 3  

c. 4 8 7 2 6 ~ :  

E X A C T  SCL. hLRP = 3 .5774E CJ I T E R A T E D  S Q L .  h O R M  = ; .5774F '.J\, 

L'(l+s+t)-l x(t)dt = (ln3+ln(l+s) - ln(2+s)) (2s+l)-l 

x ( t )  = (1+2t)-I ; x,(t) = -t 

Table 3a 



P F T E R  1 C  I T E P b T I C h S  @ Y  S T E E P E S T  C E S C E h C  

E h 6 C T  S C L L T I C h  
1 .COcCLC 
C . S 5 2 3 €  1 
c .soscs 1 
C . 1 6 5 5 t 5  
C .€333 ,1?  
c . ~ U C C C C  
C . 7 6 5 2 1 1  
C . i 4 C 7 4 1  
C o 7 1 4 2 E 6  
C . t B S t 5 5  
C o t 6 t C C 7  
C . 6 4 5 1 t l  
L . fZ5CCC 
c .tocct! 1 
C . 5 8 1 2 3 5  
L , 5 7 1 4 2 5  
c . 5 5 5 5 5 c  
C o 5 4 C  5 4  1 
c . 5 2 C 3 1 t  
c . 5 l L e i  1 
C . 5 G C C C C  
C e 4 8 7 8 C S  
E o 4 7 t  1 S C  
C o 4 6 5 1 1 C  
c . 4 5 4 5 4 5  
c 0 4 4 4 4 4 4  
c . 4 3 4 7 € ?  
c . 4 2 5 5 3 2  
C . 4 1 t E t 7  
C .4GE i t  3 
c . 4 u c c c c  
C o 3 Y 2 1 5 7  
C o 3 8 4 t 1 5  
(.37735t! 
C . 2 7 C 3 i C  
C.363636 
C , 3 5 7 1 4 3  
C o 7 5 C 8 7 7  

C . 3 3 t 9 E 3  
c.333333 

c . 3 4 4 e i e  

I T E R b T E C  S C L .  
C 0 S 9 E 2 t 6  
C - 5  5367G 
C -5 1 4 4 2 0  
C m E t 4 8 E 7  
C.132835 

c . 7 t 5 9 7 5  
C . 7 4 4 6 7 8  
c . 7 c 7 7 3 s  
C o t S C 5 1 7  
c o t  7 c 7 2 8  
C 0 t 4 E 7 i 2  
C o t 2 5 3 2 6  
C t C C 6 3 7  

c .  5 6 5 4 7 7  
c .  E 5 t  7 3 6  
C 5 4  1 5 2 5  
c . 5 2 c 2 2 2  
C 5 1 1 6 3 8  
c . 5 c s 1 s o  
C o 4 8 S 6 2 5  
C 0 4 7 7  1C6 
C o 4 6 2 6 t l  
C . 4 5 t 5 C 6  
c . 4 4 t  5 7 c  
c . 4 3 7 4 5 c  
C . 4 2 1 3 3 2  
C 04 1 2 7 C 6  
c 0 4 6 7 4 3 8  
C.4C18ES 
C .  3 F C 4 1 1  
C . ? t? t3S2  
C . 2 7 t 7 2 5  - 
C o 2 6 S 2 7 4  
C o 3 6 4 2 t 7  
C o 3 C 1 5 t 6  
C.35CL70 
C o 3 4 2 9 C 2  
C . 3 3 7 5 7 1  
C . 3 3 3 5 7 1  

c .  e c c 2  18 

c . ~ , e ~ 8 7 5  

R E S  I C L b L  
C.3725E-CE 

- C 0 3 7 2 5 E - C E  

C .3725E-C€  
-C.7451E-CE 

-C*3725E-CE 
- C o 3 7 2 5 E - 0 e  
-C.3725E-CE 
- C  - 7 4  5 1 E-  C E 

C.3725E-CE 
-C.3725E-CP 
- C o  7451E-CE 
-C. 7451E-CE 
-Co3725E-OE 

Co3725E-GE 
C .  

- C o 3 7 2 5 € - 0 e  
-C.3725E-CE 

C 3 7 2 5 E - C E  
C .  

- c , 3 7 2 5 ~ - c e  
- c . ~ u ~ E - c ~  
- C 0 3 7 2 5 E - C f  

-C.3725€-CE 
- C o 3 7 2 5 f - G E  
-Co3725E-CE 

C .  

- C m 3 7 2 5 E - C e  
C.3725E-CE 
C .  

C .  

C .  
C .  

-C .3725E-C€  

- C . 3 7 2 5 € - 0 @  

-C.18e3E-C@ 
- C e 5 5 1 8 E - C 8  
- C . l 8 t 3 € - 0 @  
C. 
L .  

- C 0 1 8 C 3 E - C 8  

E t P C l  S C L .  b C F C  = (3.57746 CC 1 7 E H b l E C  CCL.  K C P C  = i . 5 7 7 4 E  C C  

(l+s+t)-l x ( t ) d t  = [ l n 3 + l n ( s ) ]  (25+1)-l = Y ( s )  J: 
x(t) =(1+2t)-l ; x J t )  = Y(t) 

Table 3b 



P F I E R  5 I T E R A T I O N S  P Y  C O N J L G A i t  G i ? / \ C I E h l  

T 
b.  
0.025 
0.u50 0 
0.075 
O . l C ( i  
0 .125  
it, 1 5 ~  
(3.175 
0 . 2 0 0  
0 . 2 2 5  
0 . 2 5 0  
6 . 2 7 5  
( 1 . 3 C G  
0 . 3 2 5  
0.350 
0 . 3 7 5  
u .400  
0 . 4 2 5  
0 , 4 5 0  
u.475 
0 . 5 0 0  
0 . 5 2 5  
0.550 
u . 5 7 5  
OobCCl  
U - 6 2 5  

E X A C T  S C L L T  ICh 
1 .ucrb~_)c:,: 
L . 4 5 ~ 3 O 1  
c . 9 u Y c, ‘3 1 

6 . 6 3 3 3 3 3  
C . 8UUtJC 3 
C . 7 6 9 2 3 1  
C . 74 t i741  

C .869565 

C 0 7 1 4 2 E 6  
L o 6 8 9 6 5 5  
C .6066L7  
L o 6 4 5 1 0 1  
Lo625i )CO 
C 0606GO 1 
G o 5 8 8 2 3 5  
C . 5 7 1 4 2 9  
C . 5 5 5 5 5 6  
C . 5 4 6 5 4 1  
C 5 2 6 3  16 
L 05 1 2 8 2 1  
C.5000G0 
C.4878C5 
C .476 140 
C - 4 6 5 1 1 6  
c 04 5 4  5 4 5  
c . 4 4 4 4 4 4  
c . 4 3 4 7 e 3  
C . 4 2 5 5 3 2  
C .4 1 6 6 e 7  
G o 4 3 8  1 6 3  
c .40Ll)GJ 
C 3 9 2  1 5 7  
C .384615  
C .377358  
G . 3 7 U 3 7 U  
L 3 6 3 6 3 6  
C . 3 5 7 1 4 3  
c.35ut177 
C.344828 
c . 3 3 8 9 e 3  
c . 333  3 3  3 

[ T E l l b T E D  SUL.  
L Y ‘9 3 5 4 ‘I 
G.C;493Z L 
c .  3 0 8 3  7 6  
6 - 8 7 5 U 4 6  
G o 8 3 4 8 5 8  
i; .b1)234’t 
3 . 7 7 1 5 E 2  
C.743‘318 
Co7162C1J 
13 k N 4 W  
i o  C 6 e 1 5 3  
C o t 4 6 2 5 5  
0 . 6 2 5 7  I d  
3 0 0 6 3 3 9  
’3 .588126  
2 o 5 7 1 ~ 3 L  
2 . 5 5 4 9 6 6  
C. 5 3 9 6 %  
J o 5 2 5 O t ? 3  
U . 5 1 1 5 5 1  
0 , 4 9 8 4 4 3  
G.4863U8 
Go474629 
C 0 4 6 3 5  10 
G o 4 5 3 0 5 3  
U.443089 
G . 4 3 3 5 3 4  
G o  4 2 4 4 2 3  
G o 4 1 5 5 5 2  
u 4 0 7 2 5 3  
0 . 3 9 9 4 5 4  
C . 3 9 1 7 7 9  
0 . 3 8 4 5 2 7  
e 1 3 7 7 5 4 4  - 
C.3713837 
U 0 3 6 4 4 t ! U  
1: . 3 5 8 4 4  J 
(2 .352365 
C13466L14  
0 . 3 4 1 1 C 5  
G . 3 3 5 8 8 5  

I 

(l+s+t)-l x ( t ) d t  = ( ln3+ ln ( l+s )  - ln(2+s)) (2s+l)-l 
Jo 

Table 3c \ 



C F I E I ;  5 I T ~ R P T I O N S  e v  C C ~ J L G ~ T E  G R A C I E A T  

1 t > b C T  S C L L T  ICh 
1 . C ~ C C C C  
C.S!J,i3€1 
C m S G S 0 S  1 
C . E O S 5 C 5  
c.L.32333 
C.EOCCCC 
C .76S2?1 
C.74C741 

C . t 8 S t E - 5  
C o 7 1 4 2 E t  

C m t 6 t C t 7  
C mt451C 1 
C O t 2 5 C C C  
c.toccc1 
C m 5 8 E 2 3 5  
c .571429 
C.555556 
C o 5 4 C 5 4 1  
C m 5 2 f 3 1 C  

C * 5 o c c c c  
C.4878C5 
C o47t 1SC 
C m465 1 I 6  
i o 4 5 4 5 4 5  
c e 4 4 4 4 4 4  
L e 4 3 4 7 t 3  
C.425572 
C o 4 1 t C t 7  
c e 4 0 t  It 3 
c .4occcc 
C .3%157 
C.384615 
C.277358 
c 0 2  7c 37c 
Ce363056 
C.357143 
C,35~&?77 
L.344828 
C . 3 3 E F E 3  
c.333333 

c lie; 1 

I l E R P  TEE SCL, 
C e S S E 3 6 C  
C.55i777 
C.SlC4C1 
C.EtE332 
C.E333t5 
C,€!CC4€6 
C 7 7 C O 7  1 
C.741735 
C 0 7  1 2 6 1 2  
C * t 8 S 8 € 6  
C o t 6 7 1 3 2  
C o t 4 5 4 1 3  
c . t  24863 1 
C o t G 4 9 3 2  
C.587143 
C.571314 
C.555115 
C e f 4 C 9 2 5  
C - 5 2 4 9 7 2  
C.5128f2 
C e 5 C C 8 2 4  
C 0 4 E 7 9 5 3  
C e 4 7 t 3 7 7  
C.464327 

C m 4 4 4 9 E l  
C.435748 
C o42t 3 5 5  
C.416253 
c.4c77t3 
C.4CC641 
C.391959 
C e 3 8 4 9 4 2  
C.377732 
C.365956 
t . 3 6 3 8 S 1  
C e 3 5 E 5 4 4  
Co 3 5 C 6 C 4  
t.342871 
C o 3 3 € 2 t 3  

c . 4 5 4 7 c e  

.. 

C . 3 3 2 6 7 2  

H E S I C L P L  
C . 3 3 S C E - C t  
Co2943E-Ot 
C.2CG8E-OC 
C.23@4E-Gt 
C.2C8CE-CC 
C.17E8E-Ct 
Ce14FCE-Ot 
Co1267E-Ct 
C.1155E-OC 
G O 8 F 4 1 € - 0 7  
C.6333E-07 
C.4€!43E-U7 
C.29ECE-07 
C.2235E-07 
Co3725E-OF 

-C.IllEE-07 
- c  .2tC8E-C7 
- C O 3 7 2 5 E - 0 7  
-C.447CE-C7 
- C . 6 3 3 3 € - 0 7  
- C 0 7 E 2 3 E - 0 7  
- C m 8 1 9 0 E - 0 7  
-c *YtetE-07 
-C.9C8tE-07 
- C .  lC€!CE-66 
- c  122CjE-l;t 
-Co13C4E-UC 
-C.137€!E-Ct 
-C.137eE-Gt 
-c 0 149CE-Ut 
- C o l S t 5 € - O t  
-C.ltCZE-Ck 
-C.1676E-CC 
-C.1714E-06 
-C.1751E-OC 

-C.lSlSE-UC 
-CmlE25E-GC 

-Co19tCE-OC 
-Cm141SE-Ot 
-C.1493E-Ct 
-C . 2 C  3CE-Ct 

E F R C F  hCRC = C e 7 C 4 4 E - C 3  R E S I C L A L  &ORP = Cel455k-CC 

E r b C T  S C L .  h C F P  = 0.5774E CC I T E R A T E L  5CL. A C R C  = C.5774E CC 

f1 (l+s+t)-'x(t)dt = [ln3+ln(-)] s +1 (28+1)-l = Y ( s )  
JO s+2 

Table 3d 



A F T E R  5 I T t R A T I O Y S  B Y  S T t E P t S T  b k S C f i N O  

T 
u. a 0.025 - 
0.u50 
0 , 0 7 5  
0.1C;D 
0.125 
0 , 1 5 0  
0.175 
0.2CU 
0 , 2 2 5  
0 . 2 5 ~  
0.275 
U . 3 C O  
d e 3 2 5  
0.350 
0.375 
0 , 4 0 0  
0.425 
0.451, 
0 .475 
9.5co 
0.525 
0.550 
0 . 5 7 5  
U.6CtLI 
9,625 
0.650 
Urn675 
i). 7cil 
(1.725 
0,750 
0 . 7 7 5  
0 , B C I O  
0,895 
0.850 
0.875 
U.YLU 
0.925 
0.950 
0.Y75 
1.oco 

E X A C T  SOLLTICh 
1 .L J C O ~  J 
l o C S 1 2 7 1  
1 . 1 0 5 1 7  1 
1 . 1 6 1 8 3 4  
1 .22  1 4 C 3  
1 . 2 8 4 0 2 5  
1.34985Y 
1 . 4 1 4 U t 8  
1 . 4 9 1 8 2 5  
1 . 5 6 C 3 1 2  
1 . 6 4 8 7 2 1  
1 . 7 3 3 2 5 3  
1 .822  1 1 9  
1 . 9 1 5 5 4 1  
i . 0 1 3 7 5 3  
2 . 1 1 7 0 L U  
2 . 2 2 5 5 4 1  
2 33Y 6 4 7  
2,454663 
2.585710 
i . 7 1 8 2 e 2  

3 .  G O 4  1 6 6  
2 8 5 7 6 5  1 

3 . 1 5 a i 9 3  
3.3211117 
3 0 4 9 b 3 4 3  
3.665257 
3.857426 
4 . C 5 5 2 b d  
4 0263 1 1 4  
4 . 4 8 1 6 E 9  
4 7 1 1 4 7 0  
4 . 5 5 3 d 3 2  
5.2l lGc)ei ,  
5 . 4 7 3 9 4 7  
5 7546C 3 
t .L4964 I 
t.354819 
t o t 8 5 0 4 4  
7 . U 2 8 6 e  7 
7.389C56 

I T E R A T E D  SCIL. 
G . 9 5 C ) d d  
1. i 23f3 l'.' 
1 . C 9 0 2 5 b  
1 1 7 O N A  
1 . 2 3 1 7 6 7  
1 3 0 4 ~ 4 8  
1 . j 7 3 6 5 9  

1.5 1 3 5 4 1  
1 . 4 3 8 b 4 6  

1 . 5 8 6 7 5 L  
1 . 6 6 2 4 L 7  
1 7 4  1 3 8 2  
1 . b 2 4 5 3 6  
1 . 5 1 6 4 5 2  
2.CG5602 
2. L U 7 7 J 3  
2.2C9036 
2 . 3 2 3 1 9 1  
2 . 4 4 4 4 6 ~  
2 . 3 6 5 0 2 5  
2 . 7 U 19 9 2 
2 . 8 3 3 9  1 9  
2 09872 7 4  
30 1 4 4 3 5 %  
3 3 S 6 1 2 L) 
3 ,4811)65  
3 . C 6 5 7 3 6  
3 , 8 5 9 3 3 7  
4 ci 634 ? 7 
4 o L 7 6 6 6 ' )  
4 . 4 9 9 3 3 8  

4 , 9 7 6 7 6 1  
5 . 2 3 1 7 2 7  - 
5 . 4 9 9 0 4  3 
5 . 7 7 3 2 3 6  

4 7 3 4 9 2 8  

6 CI 64 .iL (1 

6 . 3 6 3 4 5 6  
6 . 6 7 2 3 3 3  
6.9Y3561 
7 . 3 2 9 7 3 5  

x(t) = exp(2t) : x,(t) = Y(t) 

Table 4a 



A F T E R  15 I T E R A T I O N S  B Y  C C N J L G A l E  G ' l 4 0 1 E L T  e 

T 
0. 
0 .025  
c1.0si) 

a 
u.i175 
0.li)l) 
0-125 
0 . 1 5 0  
0,175 
0.2ifo 
0 . 2 2 5  
0.250 
(J.275 
0.3cio 
0.325 
0.350 
0.375 
0 . 4 C O  
0 . 4 2 5  
0 . 4 5 0  
0 . 4 7 5  
0.500 
0 .525  
O o 5 5 C )  
0 . 5 7 5  
0 . b C ; O  
0 . 6 2 5  
11.650 
0 . 6 7 5  
0.7ccI 
0 . 7 2 5  
0.75i3 
u. 7 7 5  
0.c100 
0.825 
0.830 
0.875 
0 . Y G O  
U D Y 2 5  
0.95u 
0 . 9 7 5  
1.OQO 

0 

t X A C T  S C L L T  IOh 
l . G u C O C u  
1 . 0 5 1 2 7 1  
l o 1 6 5 1 7 1  
1 .1bA834  
1.22 1 4 C j  

1 ,34985 '3  
1.4 14068 
1 . 4 0 1 8 2 5  
1 . 5 6 8 3 1 2  
1 . C 4 t 7 2  1 
1.733253 
1 .8221  1 9  
l . Y l 5 5 4 1  
2 . 6 1 3 7 5 3  

l a i 8 4 i r 2 5  

i. 1 1  i O C 8 )  
i . 2 2 5 5 4  1 

i . 4 5 9 6 6 3  
2 . 5 8 5 7 1 0  

2 .t35765 1 

2 3 3 4 6 4 7  

2 0 7 1 b 2 8 2  

3 e C 0 4 1 6 6  
3- 158193 
2.32~ 1 1 7  
3 . 4 3 1 ~ 3 4 3  
3,664257 
3 . 8 5 7 4 2 6  
4 * ( r 5 5 2 C 0  
4 .263  11% 
4 * 4 8 1 6 € ! 9  
4 , 7 1 1 4 7 0  
4 . 9 5 3 0 3 2  
5.20698L; 
5 . 4 7 3 Y 4 7  
5 . 7 5 4 6 C 3  
CoC4Y64  I 
6 .  3S98 13 
E o 6 8 5 B F 4  
7.C2L16E 7 
7 .384056 

I T E R A l E O  S C L .  
l . C O O C ) L ! J  
1 . 1 1 1 2 5 7  
1 .  i l l 4 1 2 1  
1 . 2 1 0 8 4 5  
1 . 1 2 4 5 4 4  
1.2923 I9 
1 . 3 2 5 2 1 2  
1 3 8 6  1 7 3  
1 . 4 8 1 d 4 7  
1 . 5 5 7 6 5 8  
1.5395b5 
1 , 7 4 4 0 2 7  
1 . 8 2 1 5 4 9  
l o 9 1 3 8 6 1  
1 . 5 4 6 8 9 3  
2.1 7 8 5 6 8  
2 * 1 4 C 4 0 2  
2 . 3 3 3 6 2 6  
2 . 3 0 8 9 & 3  
2 . 6 6 2 9 L d  
2 . 7 9 7 1 7 4  
2 .8661G2 
3.513337 
3.15cj742 
3.276-696 
3 .4854 '33  
3 . 6 4 4 9 4 4  
3 .8484C6  
4 . 0 0 8 4 2 0  
4 . 2 9 5 9  7 7 
4 . 4 3 1 L i d  
4 7 ir 1 2  7 1 
4 o r i 4 6 2 b 3  
5 . 1 7 S 9 4 3  - 

5 . 7 4 2 6 2 5  
b . L 5 i + i i  

5.46Cd63 

6.3 ( 5 8 4 3  
0 , 6 6 4 3 1 U  
7 e 0 3 8 4 e 7  
7 . 4 7 7 3 5 3  

E X A C T  S C L .  h C P M  = 3 . 3 6 6 1 E  6 1  I T E R A T E D  SOL. nlf!'?iiFn = , . 3 O h l 5  3 1  

Table 4b 



T 
0. a OoC25 
U.L)50 
0 . 0 7 5  
O I l C I U  
0 . 1 2 5  
0.15O 
0 . 1 7 5  
0.2uG 
0 . 2 2 5  
0.25u 
0.275 
0.3Cd 
0 . 3 2 5  
i).35L, 
9.375 
0.4ctr 
0.425 
0.450 
0 . 4 7 5  
0.5Uir 
u.52s 
0.55d 
0.575 
LJ 6 C 0  
0 . 6 2 5  

0.7cru 
b.7LkJ 
L1.75D 
u . 7 7 5  
U . 8 6 0  
0 . 8 2 5  
U.850 
0.873 
U.YL3 
u.3i5 
0 . 9 5 0  
0 . 9 7 5  
1.OCO 

E R K C R  

E X A C T  

€ X A C T  S C L L T I L A  
l . b O L O C > j  
1 C; 5 1 2 7  1 
1. A(i51 71 
l . l C I R 3 4  
1.2 L 1 i t C  3 
1.284O25 
1 , 3 4 9 8 5 Y  
1 .410UEH 

1.56E 3 1 2  
1 .4O1’32S 

1 . 6 4 8 7 2 1  
l o 7 3 3 2 5 3  
1.822 11 9 
1 . 5 1 5 5 4 1  
2 .U13733 
2.117c)LU 
5 . 2 2 5 5 4 1  
2 0 3 3 5 6 4 7  
2 . 4 5 9 6 C 3  
5 . 5 8 5 7 1 0  
2 . 7 1 8 2 6 2  
2 . 8 5 7 6 5 1  
3 o C 3 4 1 6 6  
3 . 1 5 8 1 5 3  
3 . 3 2 ~ 1 1 7  
?.491;347 
3 .ObY2S7 
3 , 8 5 7 4 2 6  
4 oC552CO 
4 0 2 6 3 1  1 4  
4.481689 
4 7 114 7 3  
4.953032 
5.2b6980 
5 . 4 7 3 9 4 7  
5 7 5 4 6 L  3 
e . u + r a r i  
t 3 5 Y 8 1 Y  
t . 6 8 5 0 S 4  
7 . 0 2 a 6 ~ 7  
7.384Ll56 

I T E K A T E O  S G L .  
1. L 5 4  3 2 ti 

1 . 1 2 5 6 7 1  

1 . 2 2 C 4 t ~  
1 . 2 6 3 2 9 5  

1 0 ;, 7 C 5 7 1 

l o 1 5 C 1 6 7  

1 - 3 3 2 2 5 0  
1 4 0 3 1 L 1 
1 . 4 7 5 4 3 9  
l o 5 5 ! 5 o i 4  
1 . 6 4 4 6 7 %  
1 . 7 2 5 3 7 5  
1 . t3 2 i  4 5 8 
I. 3 1 7 7 3 3  
2.C2415L 
2 .1A7963 
L 2 4 8 ‘3 1 2 
2 . 3 5 3 3 1 7  
2 . 4 6 7 2 4 ( ~  
2.584263 
2 . 7 2 1 3 1 3  
2 . 8 6 e 6 5 h  
3 . ~ 1 3 5 7 5  
3 . 1 6 6 2 2 3  
3 .331‘35  1 
3.4‘3331,2 
3 . 6 7 2 6 5 3  
3,855883 
4 . 3 5 6 4 8 6  
4 . ~ 4 1 1 7 8  
4 . 4 7 5 5 4 6  
4.71J2R78 
4*9437t !4  
5 . 2 3 G 7  8 1  
5 , 4 6 7 2 1 )  
5 . 7 4 9 9 5 1  
0.u44046 
6 . 3 5 8 3 5 1  
6 . t  9 2 9 2 4  
7.C36841 
7 . 3 9 1 1  e 4  

SCL. h C P P  = 3 . 3 6 6 1 E  C 1  I T E R A T E 0  S O L .  X O A M  = ~ . 3 c b i i F  ‘31 

lolexp(-st)x(t)dt = [exp(2-s)-l] (2-s) -1 = Y ( s )  

Table 4c 


